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ABSTRACT: The molecular parameters of polyethylene are characterized by its molecular weight 
distribution and the branching. Both strongly manipulate the crystalline state, which plays a key role in the 
predetermination of many product properties such as gas solubility, melting behavior, and tensile strength. 
This work addresses the question of how the crystallinity of polyethylene can be calculated as a function 
of molecular parameters (molecular weight and branching) and temperature. The basic idea is to transfer 
the so-called statistical car-parking problem (CPP) to polyethylene. However, this concept does not 
consider branching. Therefore, the CPP is coupled with the Flory approach for co-polymers (FCA), which 
explicitly considers branching. The coupled theory of CPP and FCA correctly predicts the crystallinity of 
branched polyethylene from molecular parameters and temperature, and reproduces the dependencies of 
the influencing variables observed in experimental data reported in the literature. 
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1. Introduction 

Tailoring product properties for industrial applications is a crucial issue in chemical engineering. When 
dealing with polymers, the crystallinity in particular has a major impact on physical properties such as gas 
solubility, melting behavior, and tensile strength [1]. The crystallinity itself depends mainly on the structure 
of polyethylene [2], in which backbone branching, including short and long chains, plays a major role [1,3,4]. 

Flory [5] was the first to develop a physical relationship (FCA) between the branching degree, the 
temperature, and the crystallinity of polymers. He considered a branched polyethylene as a copolymer, with 
only one type of monomer being crystallizable. While capturing the general dependencies of decreasing 
crystallinity with increasing branching degree, the main drawback is the description of the linear 
unbranched polymer, since Flory’s theory [5] gives 100% for the limiting crystallinity. However, 
experiments have shown that unbranched polyethylene in fact does not crystallize completely [6,7]. There 
are mainly two reasons for the reduced crystallinity of linear polymers. A polymer melt consists of twisted, 
looped, and knotted chains. These entanglements do not suddenly detangle shortly before crystallization; 
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instead, they remain in the amorphous phase as non-crystallizable units, thereby lowering the overall 
crystallinity [8]. Second, as crystallization progresses, certain polymer chain sequences become isolated 
and are too short to form a stable crystallite, thereby remaining amorphous as well [8]. While chain 
entanglement is an issue widely discussed in literature [6,9–14], only a few have dealt with the issue of 
isolated, hence wasted space, during crystallization [15–18]. 

One way to determine the wasted space that emerges as crystallization progresses is based on the 
figurative problem of cars being randomly placed along a curb without overlapping, also known as the Car-
Parking-Problem (CPP) [19]. While this approach was applied successfully in the field of adsorption [20–
23], it found barely any attention in the field of crystallization. Gornick and Jackson [16] transferred the 
CPP to the crystallinity of polymer chains by calculating the wasted space that evolves between two 
sequences that have already crystallized but are too short to form another stable crystallite. Maltz and Mola 
[17,24] introduced another point of view by considering the crystallization as a continuous process in which 
the sequences crystallize one after another, resulting in different probabilities for different configurations. 
Independent from Maltz and Mola’s extension [17,24], Gornick and Freedman [25] derived the same 
relations 10 years later. Yet, both the statistical and the continuous approaches were introduced at a merely 
academic level and, according to our knowledge, have not been further investigated.  

In this work, a framework is presented that accounts for the crystallinity of linear polyethylene by 
incorporating the CPP both in a purely statistical manner and continuously. Afterward, branching is 
incorporated by considering the polyethylene as a copolymer. Finally, predictions for the crystallinity of 
both linear and branched polyethylene are presented and compared with experimental data taken from the 
literature [9,26–50] covering a wide range of molecular weight, temperature, and branching. 

2. Theoretical Framework 

For the general treatment of crystallinity, polymer configurations are accommodated in a lattice [51]. 
In this context, a crystalline region is characterized by 𝜁∗, the equilibrium number of repeating structural 
elements of one chain, which in the case of polyethylene is 𝐶𝐻ଶ-segments. The crystallinity, 𝛼௟௜௡, of the 
linear polyethylene is then defined as: 

𝛼௟௜௡ =
𝑗௠௔௫𝜁∗

𝑀
, (𝑗௠௔௫ ≥ 1) (1)

where 𝑗௠௔௫ is the maximal number of crystalline sequences, and 𝑀 is the segment number of the entire chain. 
The segment number is given directly by the molecular weight divided by the molar mass of a segment. 
However, 𝜁∗ and 𝑗௠௔௫ are unknown. For this reason, the former considers the free energy change in forming 
a crystallite, while for 𝑗௠௔௫ the car-parking problem is applied to polymer crystallization.  

2.1. Crystalline Sequence Length  

Based on the works of Flory [51], Mandelkern et al. [52] found an implicit expression for the free 
energy change Δ𝐹 in forming a crystallite: 

Δ𝐹 = 2ඥ𝜋𝜌𝜁𝜎௨ − 𝑅𝑇𝜌𝑙𝑛(𝐷) − 𝜁𝜌
Δௌ௅ℎ

2

𝑇଴
ௌ௅ − 𝑇

𝑇଴
ௌ௅ − 𝑅𝑇 ൤𝑁𝑙𝑛 ൬1 −

𝜁𝜌

𝑁𝑀
൰ + 𝜌𝑙𝑛 ൬

𝑀 − 𝜁 + 1

𝑀
൰൨ (2)

where 𝜁 is the crystalline sequence length, differing from the crystalline sequence length 𝜁∗ in equilibrium. 
𝜌 is the number of cylindrically arranged crystalline sequences in cross section, 𝑁  is the number of 
polymer chains, 𝑀 is the segment number, 𝑇 is the system temperature, Δௌ௅ℎ is the melting enthalpy of 
one segment, 𝑇଴

ௌ௅ is the melting temperature, and 𝜎௨ is the lateral surface free energy of a chain. The 
second term in the squared brackets of Equation (2) has a different sign compared to the publication [52], 
which is, however, in agreement with [51,53]. In this work, Δௌ௅ℎ is divided by 2 as it refers to one 
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ethylene-unit, which contains two segments. 𝐷  in Equation (2) which is regarded by Flory [51] and 
Mandelkern et al. [52] as the nucleation constant, is defined as follows: 

𝐷 = 𝑒
ିଶఙ೐௔బ

ோ்  (3)

whereby 𝜎௘ is the surface energy and 𝑎଴ the cross-sectional area of the polymer chain. With the help of 

the first term of a Taylor series expansion, the first term of Equation (2) in squared brackets 𝑁 ln ቀ1 −
఍ఘ

ேெ
ቁ 

can be written as −𝜁𝜌/𝑀. Strictly speaking, this is only valid at small crystallinities. However, the error 
should be minor compared to the general inaccuracies involved in dealing with crystallinities. Δ𝐹  in 
Equation (2) does not exhibit a maximum or minimum, but shows a saddle point where the free energy 

derivatives ቀ
ப୼ி

డ఍
ቁ

ఘ
 and ቀ

ப୼ி

డఘ
ቁ

఍
 equal zero [52]. Combining both derivatives leads to the crystalline 

sequence length in equilibrium, 𝜁∗: 

𝜁∗

2
ቆ

Δௌ௅ℎ

2

𝑇଴
ௌ௅ − 𝑇

𝑇଴
ௌ௅ −

𝑅𝑇

𝑀
+

𝑅𝑇

𝑀 − 𝜁∗ + 1
ቇ + 𝑅𝑇 ln ൤

𝐷(𝑀 − 𝜁∗ + 1)

𝑀
൨ = 0 (4)

whereby 𝜎௨  vanishes. While Δௌ௅ℎ  and 𝑇଴
ௌ௅  are substance properties, which are experimentally 

accessible, 𝜎௘ in Equation (3) is a property coming from crystallization growth kinetics, whose estimation 
is accompanied by larger uncertainties. For lower molecular weights, there is probably an effect of the chain 
length on 𝜎௘ [54] which will be disregarded here for the sake of simplification. However, the impact of 
𝜎௘ on the calculation results are rather small. Parameters for Equations (3) and (4) are given in Table 1. By 
using Equation (3) in combination with Equation (4), 𝜁∗ can be calculated. 

Table 1. Parameters used for the model predictions Equations (3) and (4). 

Quantity Value Method Ref. 
Δௌ௅ℎ ൣkJ molେమୌర

⁄ ൧ 8.284 (a) [55] 

𝑇଴
ௌ௅ [K] 414.6 (b) [56] 

𝑎଴ [mଶ mol⁄ ] 1.1 × 10ହ - [57] 
𝜎௘  [mJ mଶ⁄ ] 168 (c) [58] 

(a): Differential Scanning Calorimetry with solution-grown crystals of orthorhombic phase, (b): extrapolation of linear chain 
homologs, (c): nucleation kinetics of polyethylene droplets. 

2.2. Car-Parking-Problem 

After determining ζ∗ (Equation (4)), 𝑗௠௔௫ is required for calculating the crystallinity according to 
Equation (1). This is done via the car-parking-problem (Figure 1a), which was constructed by Renyi in 
1958 [19]. In this 1-dimensional random space-filling problem, the following question was posed: Having 
a given interval (0, 𝑥), how many units 𝑗, which have the length 1, can be placed so that no points overlap. 
The question is similar to the illustration of identical cars, randomly parked along a curb, which is why the 
problem is known as the car-parking problem. Renyi [19] postulated the following continuous recursion 
for the number of 𝑗, that can be placed on (0, 𝑥), while 𝑗 has the length 1: 

𝑗(𝑥) = ቐ

0 𝑖𝑓 𝑥 < 1

1 +
2

𝑥 − 1
න 𝑗(𝑦)𝑑𝑦

௫ିଵ

଴

𝑖𝑓 𝑥 ≥ 1
 (5)

Forming the limit of the unit density 𝑗(𝑥) 𝑥⁄  for an infinite interval, one obtains the famous car-
parking-constant 𝐶: 

𝐶 = lim
௫→ஶ

𝑗(𝑥)

𝑥
= න exp ቆ−2 න

1 − 𝑒ି௨

𝑢
𝑑𝑢

௧

଴

ቇ
ஶ

଴

𝑑𝑡 = 0.748 (6)
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2.3. Statistical Treatment 

Gornick and Jackson [16] applied the car-parking-problem to the crystallization of polymers by 
considering a polyethylene chain consisting of 𝑀  segments in which 𝑗  sequences of length 𝜁∗  are 
crystallized (Figure 1b). For the calculation of 𝑗௠௔௫, the wasted space 𝑊 is required, e.g., the remaining 
amorphous sequences which are too short to accommodate another crystalline sequence. One obtains 𝑊 
with the following expression [16]: 

∀(𝐴 ≥ 𝜁∗): 𝑊 =
𝑗 + 1

𝑀
෍ 𝑟𝑃(𝑟)

஖∗ିଵ

௥ୀଵ

 (7)

whereby 𝑟 is the length of an amorphous interval and 𝑃(𝑟) is the probability that an amorphous interval 
has this length. Wasted space is produced if intervals are too small to accommodate a crystalline sequence, 
which means 𝑟 < ζ∗, causing the sum in Equation (7) to run to 𝜁∗ − 1. The factor 𝑗 + 1 in Equation (7) 
results from the reference to the entire chain. Technically speaking, there are configurations of 𝑃(𝑟), where 
less intervals than 𝑗 + 1 exist, due to crystalline sequences placed directly adjacent to each other. In this 
case, the factor 𝑗 + 1 in Equation (7) is replaced by 𝑗. However, for long chains this effect is negligible. 
Equation (7) is valid if enough amorphous segments 𝐴 remain so the sum can reach the value 𝜁∗ − 1, 
whereby 𝐴 is given by: 

𝐴 = 𝑀 − 𝑗𝜁∗ (8)

There is one exception to Equation (7), which is introduced in this work: In the case of high crystallinities, 
the number of amorphous segments 𝐴 may be too small to accommodate another crystalline sequence. In 
this case, all the amorphous segments become wasted space, which leads to the following expression: 

∀(𝐴 < 𝜁∗): 𝑊 =
𝐴

𝑀
= 1 −

𝑗𝜁∗

𝑀
 (9)

Subsequently, for the calculation of the wasted space with Equation (7), an expression for 𝑃(𝑟) is 
required. This is achieved by considering 𝑁(𝑀, 𝑗, 𝜁∗), the number of possibilities, arranging 𝑗 sequences 
in a polymer chain consisting of 𝑀 segments and crystalline sequences having the length 𝜁∗. In other 
words, 𝑁(𝑀, 𝑗, 𝜁∗) is the number of permutations of 𝑗 crystalline sequences with 𝐴 amorphous segments 
(Equation (8)), given by the following expression [16]: 

𝑁(𝑀, 𝑗, ζ∗) =
(𝐴 + 𝑗)!

𝐴! 𝑗!
 (10)

With the help of Equation (10), 𝑃(𝑟) can be calculated [16]: 

𝑃(𝑟) =
𝑁(𝑀 − 𝑟 − 𝜁∗, 𝑗 − 1, 𝜁∗)

𝑁(𝑀, 𝑗, 𝜁∗)
=

(𝐴 + 𝑗 − 𝑟 − 1)!

(𝐴 + 𝑗)!

𝐴!

(𝐴 − 𝑟)!
𝑗 (11)

Gornick and Jackson [16] determined the limiting case of Equation (11) for 𝑀 →  ∞, 𝑗 → ∞ and large 
𝜁∗ , in order to solve Equation (11) analytically. With this, they were able to successfully account for 
combinatorial limitations of the crystallinity. Unfortunately, only polymer chains of infinite length can be 
considered. In contrast, in this work, Equation (11) is solved for the first time for a finite number of 
segments. Since the calculation of faculties for high segment numbers is extremely CPU-intensive, 
Equation (11) is approximated with the help of Stirling’s formula:  

n! ⋍ √2πn ቀ
n

e
ቁ

୬

 (12)

Using Equations (11) and (12) result in the following equation: 
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𝑃(𝑟) =
𝑒 ∙ 𝑗ට

𝐴(𝑗 − 𝑟 + 𝐴 − 1)
(𝑗 + 𝐴)(𝐴 − 𝑟)

൤1 −
1 + 𝑟
𝑗 + 𝐴൨

௝

ቂ1 +
𝑗 − 1
𝐴 − 𝑟

ቃ
஺ି௥

[𝑗 − 𝑟 + 𝐴 − 1] ቂ1 +
𝑗
𝐴

ቃ
஺  (13)

Now, the wasted space can be calculated as a function of 𝑀, 𝜁∗ and 𝑗 with the help of Equation (7) 
and Equation (9). Yet, to obtain the crystallinity (Equation (1)), the maximal number of crystalline 
sequences 𝑗௠௔௫ is required. This is achieved in this work by calculating the derivative of 𝑊 (given by 
Equations (7) and (9)) according to 𝑗, which is then set to zero: 

0 = ൬
𝜕𝑊

𝜕𝑗
൰

𝑀,𝜁∗

=

⎩
⎪
⎨

⎪
⎧ 1

𝑀
෍ 𝑟𝑃(𝑟)

஖∗ିଵ

௥ୀଵ

+
𝑗 + 1

𝑀
෍ 𝑟 ቆ

𝜕𝑃(𝑟)

𝜕𝑗
ቇ

𝑀,𝜁∗

஖∗ିଵ

௥ୀଵ

, ∀(𝐴 ≥ 𝜁∗)

−
𝜁∗

𝑀
, ∀(𝐴 < 𝜁∗)

 (14)

Therefore, by solving Equation (14), 𝑗௠௔௫ can be obtained, and the derivation can be calculated using 
Equation (13), which results in:  

ቆ
𝜕𝑃(𝑟)

𝜕𝑗
ቇ

ெ,఍∗

=

𝑒
2 ቀ

𝑗 + 𝐴
𝐴 ቁ

ି஺

൬1 −
1 + 𝑟
𝑗 + 𝐴

൰
௝

ቀ1 +
𝑗 − 1
𝐴 − 𝑟ቁ

஺ି௥

(𝑟 − 𝐴)ଶ(𝑗 + 𝐴)ଶ(𝑗 − 𝑟 + 𝐴 − 1)ඨ
(1 − 𝑗 + 𝑟 − 𝐴)𝐴

(𝑟 − 𝐴)(𝑗 + 𝐴)

൜−2𝑗(𝑟 − 𝐴)𝐴(𝑗 + 𝐴)

× (𝑗 − 𝑟 + 𝐴 − 1) ൤𝜁∗ ln ൬
𝑗 + 𝐴

𝐴
൰ + ln ൬1 −

1 + 𝑟

𝑗 + 𝐴
൰ − 𝜁∗ ln ൬1 +

𝑗 − 1

𝐴 − 𝑟
൰൨

+ (𝑟 − 𝐴)𝐴[−2𝑗ଶ + 2(1 − 𝑀 + 𝑟)𝐴 + 𝑗(1 + 𝑟 − 2𝑀(2 + 𝑟) + 2𝑟𝐴)]

+ 𝑗𝜁∗ൣ𝑗(𝑗 − 𝑟 − 1)𝑟 + 2𝑗𝑟(3 + 𝑟)𝐴 − ൫1 − 2𝑟 + 2𝑗(2 + 𝑟)൯𝐴ଶ − 2𝐴ଷ൧ൠ 

(15)

 

Figure 1. (a) Model concept of the car-parking-problem. (b) Application to crystallization of a polymer chain. 

2.4. Continuous Filling 

While the approach of Gornick and Jackson [16] is a purely statistical consideration of the problem, 
Maltz and Mola [17,24] introduced a continuous view of the problem. In this approach, the chronology of 
the crystalline sequences comes into play, which is elucidated in Figure 2. 
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Figure 2. Probability 𝑃 of filling two 2-segment-sequences into a compartment of six segments. On the left-hand side is the 
purely statistical approach. On the right-hand side is the continuous treatment: First, a black sequence is inserted, followed by a 
grey sequence.  

For the left-hand side of Figure 2, Equation (10) can be applied, resulting in a probability of 1 6⁄  for 
one of the possible arrangements 1/6. For the calculation of the right-hand side, one has to calculate the 
possibility of the black sequence to find its place in an empty compartment, which is 1 5⁄  in all 
configurations. The probability of introducing the grey sequence into 1a is 1/3, respectively 1/2 for 1b, 
resulting in an overall probability of configuration 1 of 𝑃 = 1/5 ∙ 1/3 + 1/5 ∙ 1/2 = 1/6. The same 
accounts for configurations 2–4 in Figure 2. However, configurations 5 and 6 in Figure 2 equal a probability 
of 2/15, respectively 1/5. 

For calculating the wasted space, two natural constraints must be considered [17,24]. If the crystalline 
sequence length 𝜁∗ is larger than the length of the polymer chain 𝑀, all space is wasted. 

∀(𝑀 < 𝜁∗): 𝑊(𝑀, 𝜁∗) = 1 (16)

Secondly, if 𝜁∗ equals the chain length, however improbable, the whole chain crystallizes at once, 
resulting in a wasted space of zero [17]: 

∀(𝑀 = 𝜁∗): 𝑊(𝑀, 𝜁∗) = 0 (17)

The recursive formulism in case 𝜁∗ is smaller than 𝑀 is as follows [17]: 

∀(𝑀 > 𝜁∗): 𝑊(𝑀, 𝜁∗) =
𝑀 − 𝜁∗

𝑀(𝑀 − 𝜁∗ + 1)
[(𝑀 − 1)𝑊(𝑀 − 1, 𝜁∗) + 2𝑊(𝑀 − 𝜁∗, 𝜁∗)] (18)

The crystallinity of the continuous approach is obtained by using the last value of the recursive formula 
of 𝑊 (Equation (18)) and Equation (19). In this case, Equation (1) is replaced by: 

𝛼௟௜௡ = 1 − 𝑊 (19)
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Freedman and Gornick [59] addressed the same issue 10 years later and reached the same result (Equations 
(18) and (19)) independently of Maltz and Mola [17,24]. Both methods can only be applied to linear chains. 

2.5. Branching 

In case of branched chains, the degree of branching 𝑏𝑟  must be incorporated. A fundamental 
predictive model for estimating the crystallinity, 𝛼௕௥ , as a function of the branching degree 𝑏𝑟  was 
introduced by Flory [5], where 𝑏𝑟 is the number of threefold branching points per 1000 carbon atoms, 
since polyethylene exhibits almost exclusively threefold branching points. As can be seen in Figure 3, the 
polymer chain is divided into units A (main chain) and units Co (co-monomer), with just A-units being 
crystallizable. The co-monomer represents the branching. This limitation means that maybe the model can 
not be applied to very long branches. 

 

Figure 3. Model concept of the Flory copolymer approach (FCA) [5] having crystallizable units A as well as non-crystallizable 
units Co using the example of an ethylene-hexene copolymer (the side chain (grey circles) would be butyl in this case). 

With the help of the branching degree 𝑏𝑟 and the number of segments in the branch 𝑛௕௥ (grey circles 
in Figure 3), the mole fraction of A units 𝑥஺ for random copolymers is calculated [5]: 

𝑥஺ = 1 −
2𝑏𝑟

1000 − 𝑛௕௥𝑏𝑟
 (20)

The volume fraction of A-units 𝜙஺ differs from the mole fraction 𝑋஺, since monomers A and Co do 
not have the same volume: 

𝜙஺ =
𝑥஺

ቀ
𝑛௕௥ + 2

2
ቁ (1 − 𝑥஺) + 𝑥஺

 
(21)

The crystallinity of branched polyethylene is given by [5]: 

𝛼௕௥ =

𝜙஺

𝑥஺
(1 − 𝑥஺)ଶ𝑥஺

఍೎ೝ ൤
𝑥஺

(1 − 𝑥஺)ଶ −
𝑒ିఏ

(1 − 𝑒ିఏ)ଶ + 𝜁௖௥ ൬
1

1 − 𝑥஺
−

1
(1 − 𝑒ିఏ)

൰൨

1 −
𝜙஺

𝑥஺
𝑥஺

఍೎ೝ ቀ
1 − 𝑥஺

1 − 𝑒ିఏቁ
ଶ

[𝜁௖௥(1 − 𝑒ିఏ) + 𝑒ିఏ]

 (22)

𝜃 in Equation (22) is calculated as follows: 

𝜃 =
Δௌ௅ℎ

𝑅
ቆ

1

𝑇
−

1

𝑇଴
ௌ௅ቇ (23)

where Δௌ௅ℎ is the melting enthalpy of one A-unit and 𝑇଴
ௌ௅ the melting temperature of the unbranched 

linear chain. The same parameters for Δௌ௅ℎ and 𝑇଴
ௌ௅ are used for the calculation of the linear crystalline 

sequence length given in Table 1. The second term in the denominator of Equation (22) differs from Flory’s 
original approach [5]. This correction was shown by Kilian [60], Baur [61], and Wunderlich [62] and 
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considers the fact that only amorphous sequences are available for further crystallization. The critical 
crystalline length 𝜁௖௥ is calculated as follows: 

𝜁௖௥ =
−1

𝜃 + ln(𝑥஺)
൤ln ൬

𝐷𝜙஺

𝑥஺

൰ + 2 ln ൬
1 − 𝑥஺

1 − 𝑒ିఏ
൰൨ (24)

which is a function of the temperature, expressed by 𝜃 (Equation (23)). 𝐷 is given by Equation (3). Solely 
sequences composed of A-units that are at least equivalent to 𝜁௖௥  can crystallize. 𝜁௖௥  should not be 
confused with 𝜁∗, accounting for the merely linear chain. 

2.6. Numerical Procedure 

The numerical procedure for the prediction of crystallinities is shown in Figure 4. First, the crystalline 
sequence length 𝜁∗  is calculated via Equation (4). Afterward, the limiting crystallinity for a linear 
polyethylene chain via the CPP is predicted with Equation (1) or Equation (19) and the crystallinity of the 
branched chain prescribed by the FCA using Equation (22). The final crystallinity 𝛼 is assumed to be 
𝛼௟௜௡ ∙ 𝛼௕௥. 

 

Figure 4. Numerical procedure for prediction of the crystallinity of polyethylene with the CPP/FCA. Rectangles with rounded 
corners are input variables, and diamonds are calculations. 

3. Results and Discussions 

3.1. Linear Polyethylene 

Figure 5 shows both experimental data of electron microscope studies [63,64] and predictions of 𝜁∗ 
for the linear chain as a function of the segment number 𝑀 for different temperatures.  
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Figure 5. Plot of 𝜁∗ as a function of 𝑀, calculated with Equation (4) for different temperatures. Parameters taken from Table 1. 
Experimental data from Mandelkern [63] (filled symbols) and Anderson [64] (open symbols) for 𝑇 = 393.15 K (solid line, 
diamonds), 𝑇 = 399.15 K  (dashed line, stars), 𝑇 = 400.15 K  (dotted line, triangles), 𝑇 = 401.15 K  (dashed-dotted line, 
circles) and 𝑇 = 403.15 K (dashed double dotted line, squares), where bars represent the range of the electron microscope 
studies while the symbols depict the mean value. 

The quantity 𝜁∗  as a function of the segment-number, respectively molecular weight, has two 
characteristic parts: first, for low molecular weights, 𝜁∗ is independent of the temperature and has almost 
linear growth. In this area, 𝜁∗  corresponds roughly to the chain length. Second, for higher molecular 
weights, 𝜁∗  levels off and is almost independent of the molecular weight. The value for 𝜁∗  is 
approximately given by the limit of Equation (4) being lim

ெ→ஶ
𝜁∗ = 8𝜎௘𝑎𝑇଴

ௌ௅ (Δௌ௅ℎ(𝑇଴
ௌ௅ − 𝑇))⁄ . The 

calculations reproduce the experimental data qualitatively, considering the experimental inaccuracies.  
Applying the purely statistical approach (Equations (7) and (9)), one can calculate the wasted space as 

a function of the crystallinity for different crystalline sequence lengths, which is shown in Figure 6. Coming 
from low crystallinities, 𝑊 increases slowly at first and drops after a maximum to 0. The wasted space 

cannot decrease with increasing crystallinity, hence 
பௐ

பఈ
 must be positive in the physically useful range. 

This is why the maximum in 𝑊 simultaneously represents the maximal accessible amount of crystallinity 
and therefore the maximal number of crystalline sequences, 𝑗௠௔௫. This value of 𝑗௠௔௫ is calculated by 
solving Equation (14) and shown as stars in Figure 6. For high crystallinities, the crystallinity is prescribed 
by Equation (9), where all remaining amorphous segments become wasted space, which is represented by 
the bold line in Figure 6. 
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Figure 6. Wasted space as a function of the crystallinity 𝛼 for different crystalline sequence lengths 𝜁∗ at a constant chain 
length of 𝑀 = 1 × 10ହ. Solid line: 𝜁∗ = 2, dashed line: 𝜁∗ = 5, dotted line: 𝜁∗ = 100, dash-dotted line: 𝜁∗ = 10,000, dashed 
double dotted line: 𝜁∗ = 20,000, short dashed line: 𝜁∗ = 40,000 calculated with Equation (7). The stars denote the maximal 
reachable crystallinity calculated with Equation (14). The bold line denotes the wasted space via Equation (9). 

Figure 7 shows the maximal crystallinity, calculated with Equation (9), as a function of the 𝜁∗, which 
equals the crystallinity of the maximum of the wasted space in Figure 6 (stars), calculated with Equation 
(14). Additionally, Figure 7 shows the wasted space 𝑊 of a single crystalline sequence (which can be 
obtained by inserting 𝑗 = 1 in Equation (9)) as well as the corresponding crystallinity of a single crystalline 
sequence (which can be obtained by inserting 𝑗 = 1 in Equation (1)). The maximal crystallinity in Figure 
7, coming from the left side, e.g., at low crystalline sequence lengths, reaches a plateau at approx. 71 % 
after an initial decrease, before it decreases again and finds its minimum at 50%. From 𝜁∗/𝑀 = 0.5 on, 
the crystallinity increases again since it is prescribed by the crystallinity for a chain having a single 
crystalline sequence. 
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Figure 7. The solid line shows the maximal crystallinity as a function of 𝜁∗ for a polymer chain consisting of 𝑀 = 1 × 10ହ 
segments by purely statistical treatment (Equation (1)). The dashed line is the wasted space for one crystalline sequence, while 
the dotted line is the crystallinity for one crystalline sequence. A magnification is shown on the right side. 
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Figure 8 shows the maximal crystallinity when estimated by continuous treatment (Equation (19)) 
considering the chronology in which the sequences crystallize. The result resembles qualitatively the route 
of the statistical treatment, which is depicted as a dashed curve in Figure 8. However, it gives higher 
crystallinities for 𝜁∗ 𝑀⁄  < 0.5. Furthermore, the crystallinity tends to be asymptotic to Renyi’s constant 
(~74.8%) at intermediate lengths of the crystalline segments (1 × 10ିଷ ≤ 𝜁∗ 𝑀⁄ ≤ 1 × 10ିଶ). The Renyi 
constant is a special limiting case of the car-parking problem and results in the maximum crystallinity. 

An interesting effect is the local maximum and minimum for 1/4 ≤ 𝜁∗/𝑀 ≤ 1/2, shown in the 
magnification of Figure 8. This originates from the continuous counting method. Coming from the right 
side and considering the interval 1/2 ≤ 𝜁∗/𝑀 ≤ 1 (not shown in the magnification of Figure 8), only one 
sequence can be accommodated in the polymer chain. Between 1/3 ≤ 𝜁∗/𝑀 ≤ 1/2, either one or two 
sequences can be accommodated, depending on the placement of the first sequence. While the incorporation 
of two sequences results in a higher crystallinity, at the same time, the probability of placing two sequences 
decreases with increasing sequence length. These two effects occasion the local maximum. 𝜁∗/𝑀 = 1/3 
represents the inflection point of the curve leading to the next interval 1/4 ≤ 𝜁∗/𝑀 ≤ 1/3 , where 
analogous can be applied, resulting in the minimum. For 𝜁∗/𝑀 ≥ 1/4, although different numbers of 
sequences can be accommodated in one interval, the effect of different probabilities gets weaker, and the 
curve of crystallinity is monotonic again. 
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Figure 8. Maximal crystallinity as a function of 𝜁∗ for a polymer chain consisting of 𝑀 = 1 × 10ହ segments by continuous 
treatment (Equation (19), solid line). The dashed line depicts the purely statistical treatment for the sake of comparability. Renyi’s 
constant (Equation (6)) is shown by the dotted line. A magnification is shown on the right side. 

Figure 9 shows the prediction of the crystallinity of linear polyethylene as a function of the segment 
number for five different temperatures for both the statistical and the continuous treatment. For low 
molecular weights, both curves are identical and run down from fully crystalline to 50%. In this interval, 
only one crystalline sequence exists, and the crystallinity is predefined by the length of this sequence. After 
that, the crystallinity of the statistical treatment increases again due to the accommodation of more 
crystalline sequences in the polymer chain, levelling off at a crystallinity of about 𝛼 = 72%. 
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Figure 9. Prediction of the crystallinity of linear polyethylene as a function of the segment number 𝑀 for different temperatures 
indicated in the figure. The continuous treatment results in the solid line, while the statistical approach leads to the dashed line. 
The dotted line indicates Renyi’s constant (Equation (6)).  

After the minimum in Figure 9, the curve for the continuous treatment increases as well, but at a higher 
level, and shows the local maximum already discussed in Figure 8. Subsequently, the continuous curve 
seems to run to an asymptotic limit close to Renyi’s constant. However, the curve does not converge and 
exceeds Renyi’s constant in case of low temperatures (hence short crystalline sequences) already in the 
range of reasonable change length. This exceeding of Renyi’s constant for low crystalline sequence length 
became already apparent in Figure 8. The Renyis constant is obtained for intermediate length of crystalline 
segments, while the length of the chain is long enough. For short crystalline sequences, a higher value of 
crystallinity can be obtained, which is physically absolutely reasonable. Consider a crystalline sequence of 
one. Here, a packing value of one (completely crystallized) would be possible. 

Figure 10 shows the crystallinity as a function of temperature for different segment numbers. The 
crystallinity is decreasing with increasing temperature, since crystalline sequences become longer with 
increasing temperature, hence more wasted space is produced (Figure 6). For very high temperatures, the 
crystalline sequence is in the order of magnitude of the chain length, and theoretically, very high 
crystallinities can be obtained by a single very long crystalline sequence. For this to happen, the polymer 
chain must be defect-free, e.g., free of branches, knots, etc., which is unlikely to occur. 
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Figure 10. Prediction of the crystallinity of linear polyethylene as a function of the temperature for different segment numbers 
𝑀 with statistical treatment (A) and continuous treatment (B). The solid lines denote 𝑀 = 1 × 10ଷ, the dashed lines 𝑀 =

1 × 10ସ  and the dotted lines 𝑀 = 1 × 10ହ . The vertical bold line on the right denotes the melting temperature of linear 
polyethylene (414.6 K [56]). 

3.2. Branched Polyethylene 

3.2.1. Experimental Data 

Figure 11 provides a comprehensive overview of existing experimental data [9,26–48] on the 
crystallinity of branched polyethylene measured by differential scanning calorimetry. Experimental data 
involving other experimental methods were excluded due to questionable assumptions when determining 
the crystallinity, and to keep the observations comparable. 

The experimental data in Figure 11 underlie a clear trend where the maximal crystallinity of 
unbranched polyethylene lies around 60–75% while completely amorphous polyethylene exists in the 
region of around 100–150 branches per 1000 C-atoms. The measurements may be divided into two groups: 
Slowly cooled samples having cooling rates below 20 K/min and cooling in oil baths, as well as quenched 
samples having maximal possible cooling rates. Moreover, the target cooling temperature of the samples 
and the heating rate of the DSC measurement are issues. Furthermore, the amount and length of branching, 
as well as the molar mass distribution, polymerization method, and additives, must be considered. Since 
information on the above-mentioned influencing variables is often lacking and, in addition, all the variables 
are interrelated, it is challenging to extract clear dependencies from Figure 11. 
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Figure 11. Experimental data concerning the crystallinity of polyethylene as a function of the branching degree br for slowly 

cooled (black) and quenched (grey) samples. References for experimental data are as follows: : [30], : [31], : [32], : 

[30], : [33], : [9], : [34], : [35], : [35], : [36], : [37], : [29], : [38], : [39], : [36], : [37], : 

[29], : [40], : [41], : [42], : [26], : [48], : [48], : [35], : [36], : [37], : [29], : [43], : [44], : 

[30], : [27], : [33], : [33], : [33], : [35], : [45], : [28], : [27], : [44], : [27], : [46], : [45], : 

[47], : [44], : [27], : [45], : [47], : [28], : [47]. More information such as the target temperature, the used 
heating rate, the length of the branching and the molecular weight are provided in Table 2. 



Sustain. Polym. Energy 2026, 4(3), 10016. doi:10.70322/spe.2026.10016 15 of 24 

 

Table 2. Information of the data in Figure 11. For slowly cooled samples, the first temperature indicates the target temperature 
(RT denotes room temperature) while the second one (dT) is the cooling rate (OB denotes oil bath). For quenched samples, just 
the target temperature is given. nbr represents the length of the branch, where C1 is methyl, C2 is ethyl, etc. MN indicates the 
molecular weight with a polydispersity index given in brackets where available. nrw denotes a narrow distribution, while n/a 
means not available.  

  Ref. T [°C] dT [K/min] nbr MN [kg/mol] 

Sl
ow

ly
 C

oo
le

d 

 [30] n/a n/a C1 200 (n/a) 
 [31] RT 10 C1 250 (n/a) 
 [32] 40 5 C1 n/a (n/a) 
 [30] n/a n/a C2 100 (1.32) 
 [33] n/a n/a C2 200 (12) 
 [9] −50 10 C2 500 (2.3) 
 [34] n/a 15 C2 150 (6) 
 [35] RT OB C2 100 (nrw) 
 [35] RT OB C2 100 (nrw) 
 [36] 10 10 C2 100 
 [37] 0 20 C2 100 
 [29] 20 10 C2 n/a (n/a) 
 [38] 25 15 C2 8–30 (4–10) 
 [39] n/a n/a C4 150 (13) 
 [36] 10 10 C4 100 (n/a) 
 [37] 0 20 C4 100 (n/a) 
 [29] 20 10 C4 n/a (n/a) 
 [40] 30 4.8 C4 100 (2.2) 
 [41] 40 10 C4 n/a (2–3) 
 [42] 50 2 C4 10–40 (n/a) 
 [26] 40 n/a C4 n/a (n/a) 
 [48] −40 10 C6 n/a (n/a) 
 [48] 20 10 C6 n/a (n/a) 
 [35] RT OB C6 100 (nrw) 
 [36] 0 10 C6 100 (n/a) 
 [37] 0 20 C6 100 (n/a) 
 [29] 20 10 C6 n/a (n/a) 

Q
ue

nc
he

d 

 [43] −130  C1 200 (n/a) 
 [44] 35  C2 100 (2) 
 [30] −130  C2 108 (1.32) 
 [27] −20  C2 n/a (n/a) 
 [33] −78  C2 125 (5) 
 [33] 40  C2 206 (5) 
 [33] 95  C2 108 (1.31) 
 [35] −78  C2 100 (nrw) 
 [45] 0  C2 n/a (n/a) 
 [28] 0  C2 n/a (n/a) 
 [27] −20  C3 n/a 
 [44] −35  C4 100 (2) 
 [27] −20  C4 n/a (n/a) 
 [46] −150  C4 150 (n/a) 
 [45] 0  C4 n/a (n/a) 
 [47] n/a  C4 100 (2) 
 [44] −35  C6 0.83 (2) 
 [27] −20  C6 n/a (n/a) 
 [45] 0  C6 n/a (n/a) 
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 [47] n/a  C6 100 (2) 
 [28] 0  C6 20–70 (5) 
 [47] n/a  C10 100 (2) 

No significant trend can be observed in Figure 11 regarding the type of cooling, although the target 
temperature of the quenched samples is mostly lower, which makes a comparison challenging. It appears 
that the crystallinity decreases as the branch length increases, when comparing different samples [27–
29,36,37,45] with ethyl-, butyl-, and hexyl branched polyethylene at the same crystallization conditions. At 
the same time, Voigt-Martin et al. [35] measured no significant difference between ethyl- and hexyl-
branched samples. Methyl-branches can be accommodated in the crystalline lattice up to a certain extent 
[58,65–68], which may explain why these systems [30–32] (filled symbols in Figure 11) exhibit a slightly 
higher crystallinity than the general trend. The influence of long-chain branches on the crystallinity is of 
minor importance, since their number is relatively small [69]. LDPE, for example, usually has 
approximately 20–25 short-chain branching points per 1000 carbon atoms and 0.5–1 long-chain branching 
points per 1000 carbon atoms, HDPE and LLDPE even less [69]. Moreover, due to their length, they can 
be incorporated in the crystal domains. The branching affects the crystallization behavior of the main chain, 
which is modeled by the Flory copolymer approach. As long as the main chain has long enough intervals 
to accommodate a crystalline length, crystallization occurs. 

The same superposition of influences is evident when examining the effect of the target temperature 
on crystallinity in Figure 11. There seems to be a trend of higher crystallinities at lower temperatures when 
considering experimental data having similar conditions. Androsch and Wunderlich [48] measured the 
crystallinity of two hexyl-branched samples at −40 °C and 20 °C, exhibiting a significantly higher 
crystallinity for the lower temperature. Also, methyl-branched samples from Han-Adebekun et al. [32] at 
40 °C have a significantly lower crystallinity than methyl-branched measurements from Ver Strate and 
Wilchinsky [31] at room temperature. On the other hand, quenched samples in Figure 11 show no large 
scatter across the crystallinity, although the range of target temperature (−130 °C to 95 °C) is much higher 
than for the slowly cooled systems (−50 °C to 30 °C). 

3.2.2. Modelling Results 

Model calculations were carried out in the following way: Via Equation (4) a crystalline sequence 
length 𝜁∗  for the linear polyethylene was calculated. Subsequently, with the help of 𝜁∗  and the CPP 
(Equation (1) or (19) respectively), a maximal crystallinity, 𝛼௟௜௡ , was calculated. Afterward, the 
crystallinity, 𝛼௕௥, is calculated using Equation (22). Finaly, the crystallinity, α, is obtained by multiplying 
both quantities. 

Figure 12 shows the influence of several variables on the predicted crystallinity, namely the counting 
method of the CPP, the target temperature, the branching length as well as the molecular weight. Unless 
the indicated variables were varied, continuous treatment was chosen, the target temperature was set to 
𝑇 = 273.15 K  and polyethylene has butyl branches ( 𝑛௕௥ = 4)  and a molecular weight of M୒ =

100 kg mol⁄  with parameters given in Table 1. 
The predictive model correctly reproduces the general trend of experimental data in Figure 12. In 

particular, the limiting crystallinity of unbranched polyethylene, as determined by the CPP, is predicted 
accurately to be between 70% and 75%. Furthermore, Figure 12A shows the dependence on the treatment 
of the CPP. Choosing the continuous treatment results in a higher limiting crystallinity for unbranched 
polyethylene compared to the statistical treatment. This effect was already observed in Figure 9. The choice 
of treatment for the calculation of crystallinities is far from trivial, as it is a choice of mathematical 
abstraction for a complex, multivariate physical behavior. When considering a crystallization process, it 
seems obvious that sequences do not crystallize at exactly the same time. Even when considering quenched 
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samples, there is probably a (very short) time lag between sequence crystallization due to inhibited motion 
or temperature gradients in the polymer. In view of that, the continuous treatment seems to be the more 
accurate abstraction. Moreover, the continuous treatment results in the classic Renyi constant for 
intermediate lengths of the crystalline sequences (Figures 8 and 9). Henceforth, the continuous treatment is 
used for all subsequent calculations.  
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Figure 12. Model predictions for the crystallinity of polyethylene and its dependence on variables with parameters given in 
Table 1. Unless otherwise indicated, conditions were: 𝑇 = 273.15 K, 𝑀ே = 100 kg mol,⁄ 𝑛௕௥ = 4, Continuous Treatment. (A): 
Dependence on the counting method for the CPP, (B): Dependence on the target temperature of crystallization, (C): Dependence 
on the length of branching (ethyl, butyl, and hexyl branches), (D): Dependence on molecular weight. Grey circles represent the 
experimental data from Figure 11. 

The target temperature, whose influence on crystallinity is shown in Figure 12B, enters the model as a 
variable in calculating 𝜁∗ in Equation (4). However, its main influence is through the incorporation of the 
FCA in Equation (22). This results in higher crystallinities for lower temperatures in Figure 12B, which 
reproduces the observation that was found in Figure 11. According to Flory [5], at lower temperatures, 
shorter crystallites can exist in equilibrium. Hence, a rather short sequence that is enclosed between two 
branches must stay amorphous at higher temperatures but may crystallize at lower temperatures once this 
sequence is stable as a crystallite. 

The length of the branching, 𝑛௕௥ , affects obviously only Equation (22), where branching is 
incorporated into the model. According to Figure 12C, longer branches result in a lower crystallinity, which 
agrees with experimental observations from Figure 11. The influence of the molecular weight of 
polyethylene on the crystallinity, which is shown in Figure 12D, affects just the crystallinity of the linear 
polyethylene. There is a slightly higher crystallinity for longer polyethylene chains. The exact limiting 
crystallinity can be discerned in Figures 9 and 10.  
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In the next section, model predictions are compared with parts of the experimental data [29,36,48–
50,56] from Figure 11. Since crystallinity depends on a variety of input variables, which have already been 
discussed, only measurements where sufficient input variables are available (at least target temperature, 
molecular weight, and branch length) will be considered. 

Figure 13 shows the crystallinity of slowly cooled ethyl- and hexyl-branched polyethylene samples at 
𝑇 =  293.15 K and 𝑀ே  =  78 kgmolିଵ  from [29]. The effect of lower crystallinity as the branching 
length increases is clearly visible. The model predicts the experimental data in very high agreement, 
although there is a slight overestimation in the area of lower branching. The authors [29] performed 
measurements of samples polymerized with different catalysts. In Figure 13, just experimental data with 
metallocene catalyst are included due to their narrow branching distribution. Samples with a Ziegler-Natta 
type of catalyst were excluded due to their broad branching distribution [29]. There are different reasons 
for these slight overestimations, for instance, chain entanglements or kinetic issues. The incorporation of 
both effects leads to much more complexity, where the chain entanglements is discussed in the literature 
[6,9–14] in great detail. In order to take kinetic effects such as the cooling rate into account, an additional 
kinetic approach would be necessary, as only the equilibrium state can be described with the current theory. 
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Figure 13. Predicted crystallinity of two slowly cooled sets of polyethylene samples, each having ethyl (squares, solid line) and 
hexyl (circles, dashed line) branches with target temperature 𝑇 =  293.15 K and 𝑀ே ≈ 78 kg mol⁄ , parameters are given in 
Table 1. Experimental data taken from [29]. 

Figure 14 depicts the impact of the target temperature on a set of hexyl-branched polyethylene samples 
having a molecular weight of 𝑀ே ≈ 78 kg mol⁄  with a molar mass distribution of M୵ M୬⁄ ≈ 2.35 [48]. 
The target temperatures were 𝑇 = 233.15 K  and 𝑇 = 293.15 K  respectively. As the temperature 
increases, the crystallinity decreases, which is in very good agreement with the model predictions.  
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Figure 14. Predicted crystallinity of two slowly cooled sets of hexyl-branched polyethylene samples having temperatures of 
𝑇 = 233.15 K (solid line, squares [48]) and 𝑇 = 293.15 K (dashed line, circles [48]). No molecular weight is specified in the 
paper [48], so 𝑀ே = 100 kgmolିଵ is assumed, while the other parameters are given in Table 1. 

To investigate the temperature dependence of crystallinity in more detail, Figure 15 shows the 
crystallinity for fixed branching degrees as a function of temperature. In general, the crystallinity decreases 
with increasing temperature, which can also be seen in Figure 12B. In Figure 15A, measurements from 
Starck et al. [36] show a decreasing crystallinity with increasing branch length, although the heavily 
branched sample (43.6 br 1000Cିଵ) has a higher crystallinity compared to measurements from Androsch 
and Wunderlich [49], having a similar branching degree (43 br 1000Cିଵ). The model correctly predicts 
the sigmoidal course of the temperature dependence. The combined CPP/FCA predicts the slightly 
branched samples from Starck et al. [36] in high agreement. However, the prediction of the heavily 
branched sample is in higher agreement with the measurement from Androsch and Wunderlich [49] than 
with the data from Starck et al. [36]. Both papers [36,49] use the heating run to measure the crystallinity at 
the same heating rate ( 10 Kminିଵ ) and use polymers having molecular weights between 𝑀ே =

50 kgmolିଵ and 𝑀ே = 80 kgmolିଵ, such that the influence of the molecular weight on the crystallinity 
should be negligible (Figure 12D). The discrepancy between both experimental data sets [36,49] is 
pronounced at lower temperatures and almost vanishes in the range of the melting temperature. Possible 
reasons for the discrepancy could be differences in the production of the sample: Kim et al. [50] 
polymerized the samples in the laboratory with a metallocene catalyst, which results in a narrow branching 
distribution [65]. Androsch and Wunderlich [49] used a commercial polyethylene sample with an unknown 
polymerization procedure. Moreover, additives may also influence the crystallinity.  
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Figure 15. Temperature dependence of the crystallinity of hexyl-branched polyethylene having different branching degrees. (A): 
Filled symbols [36] having approx. 𝑀ௐ = 70 kgmolିଵ  and 9 br1000Cିଵ  (squares), 15.8 br1000Cିଵ  (circles), 
26 br1000Cିଵ  (triangles up) and 43.6 br1000Cିଵ  (triangles down). Open symbols [49] having 𝑀ே = 78 kgmolିଵ  and 
43 br1000Cିଵ . (B): Experimental data [50], having approx. 𝑀ே = 23 kgmolିଵ  and 9.9 br1000Cିଵ  (squares), 
12.9 br1000Cିଵ  (circles), 18.2 br1000Cିଵ  (triangles up), 24.0 br1000Cିଵ  (triangles down) and 38.6 br1000Cିଵ 
(diamonds). Lines in A and B are predictions with the combined CPP/FCA with parameters given in Table 1. The vertical dashed 
lines denote the melting temperature of linear polyethylene (414.6 K [56]). 

The predicted melting point depression in Figure 15A, i.e., the decrease in melting point due to the 
inclusion of branches in the highly branched samples, is in very good agreement with both experimental 
data sets [36,49]. However, the melting point depressions of the slightly branched samples are smaller 
than those in the experiment [36]. Figure 15B compares the predicted influence of the temperature on 
the crystallinity with experimental data from Kim et al. [50], which is in very high agreement. Especially 
the high and medium branched samples are reproduced very well, while the little branched sample is 
slightly overestimated. 

4. Conclusions 

In this work, a theory for predicting the crystallinity of branched polyethylene was derived. Starting at 
the crystallinity of linear polyethylene, the car-parking-problem was incorporated and applied by statistical 
and continuous treatment, by which the influence of the molecular weight on linear polyethylene could be 
studied. Furthermore, the influence of the polyethylene architecture on the crystallinity was investigated by 
incorporating branches along the backbone. The influence of several variables was compared with 
experimental data and revealed exceptional results. Slight overestimations of the crystallinity in the area of 
lower branching degrees may be attributed to chain entanglement. 
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